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Problematic Proofs

Theorem

There exist irrational numbers a, b such that a® is rational.

Proof.

Suppose that ﬁ‘@ is rational. Then we can simply take

a=b=1+/2. Butif \/5\/i is irrational, then we may put a = \/ﬁﬁ
and b = /2 and see:

Y M VISV, A SV,
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|
AoC = LEM

Theorem (Diaconescu)
We can derive the Law of Excluded Middle from the Axiom of Choice. |

Proof.

Let X = {0,1} and let p be a proposition. Define the following sets:
A={xe{0,1}(x=1) v p}.

B={xe€{0,1}|(x=0)V p}.

If pistrue A= B = {0,1}, and we have

p—A=B
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|
AoC = LEM

Proof.
p — f(A)=f(B) and f(A) # f(B) — —p
Then 1€ Aand 0 € B so both A and B are nonempty. Let
X = {A, B}. By the Axiom of Choice: f: X — X as JX = X. We
want f(A) € Aand f(B) € B
(f(A) =1V p)A(f(B)=0Vp)
(F(A) #£(B))Vp
pV-p
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-
Brouver-Heyting-Kolmogoroff (BHK) Interpretation

Conjunction: A proof ¢ A % is a pair (p, q) where p is a proof of ¢
and g is a proof of .

Implication: A proof of ¢ — ) is a (constructive) function f
mapping proofs of ¢ to proofs of 1.

Falsity: There is no proof of L.

Disjunction: A proof p of ¢V % is either a proof of ¢ or a proof of ¥
where is it indicated whether p proves ¢ or .
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-
Brouver-Heyting-Kolmogoroff (BHK) Interpretation

Universal Quantification: A proof of Vx.p(x) is a (constructive)
function f such that f(d) is a proof of ¢(d) for all
d € D where D is the domain over which the variable x
ranges.

Existential Quantification: A proof of Ix.¢(x) is a pair (d, p) where
d € D and p is a proof of ¢(d) where D is the domain
over which x ranges.
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N
Review of Classical Rules

Some axioms of classical predicate logic are:

Q@ ¢ — (¥ — ) for any formulas ¢, ¥

@ ——p — ¢ for any formula ¢

Q@ (¢ — (W —=0)— (¢ — ) — ) for any formulas @, 1), 0
The deduction rules:

@ Modus Ponens: From ¢ and ¢ — 1, we can deduce 1

@ Generalization: From ¢, we can deduce Vx.p(x)
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N
Review of Classical Rules

Some axioms of classical predicate logic are:
Q@ ¢ — (¥ — ) for any formulas ¢, 1.
@ ——¢ — ¢ for any formula ¢ (Reductio Ad Absurdum)!
Q@ (¢ — (W —=0)— (¢ — ) — ) for any formulas @, 1), 0
The deduction rules:
@ Modus Ponens: From ¢ and ¢ — 1, we can deduce 1

@ Generalization: From ¢, we can deduce Vx.p(x)
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N
Natural Deduction Rules

A Elimination: V Introduction:
QFop; A Q& p;
e =) B UL

Q= QF o1V
Axiom: — Introduction:
() ety
Qp, Al Ql—gp—M/J( )
— Elimination: 1 Elimination:

QF o — QF
o= so(_>E) QI—L(LE)
QFY Qr6
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= vs. L

In constructive logic, rather than have — be a foundational
propositional connective, we take L as a constant and define the
shorthand:

=9 — 1
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|
LEM—RAA

Q= V p, e

——————— \aX —————— (aX
Q, == == (@) Q,~pk—p (@)
(= E)
Q -k L
— (LE) — (ax) — (ax)
Qoo QF V- Qokep

PVt g
— (=)
eV opkEomp =
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Truth-Value Semantics

Definition

A lattice is a partially ordered set X in which every finite subset has a
least upper bound and a greatest lower bound.

For a, b € X we write aV b (‘a join b') for the supremum {a, b} and
aA b (‘a meet b') for the infimum of {a, b}. These operations are
commutative and associative. )
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N
Truth-Value Semantics

Definition
We say a lattice X is a Boolean Algebra if it contains a greatest
element T and least element L and if it has the following properties:
Q Foralla,b,ce X: an(bVc)=(anb)V(aAc).
@ Foralla,b,ce X: avV(bAc)=(aVb)A(aVc).
@ For every a € X there exists —a € X such that (aVV —a = 1) and
(an—-a=0).

v
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Truth-Value Semantics

Definition
A Heyting algebra is a partially ordered set (H, <) with meets and

joins for every finite subset such that for all a, b € H there exists
a— b e H with

c<a—b ifandonlyif cAa<hb.

— is a binary operation on H called Heyting implication.

Heyting algebras are always distributive!
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Truth-Value Semantics

Theorem

If there is a derivation of ¢1,..., ¢, ¢ in the propositional part of
Natural Deduction, then there exists a Heyting Algebra H and a
valuation p such that

p(@) Au - Aw p(en) <h p(Y).

Proof.
Easy, but long and detail-rich induction proof. O
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-
Constructively Invalidating Classical Tautologies

Theorem
In Constructive Predicate Calculus, one cannot derive

——p—p;  pVop

for propositional constants p and g.
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|
Constructively Invalidating Classical Tautologies

Let P be a partially ordered set and consider
de(P) ={AeP(P) : y<xeA—-yecA}

We define [ x ={y € P : y <x}

We then have Heyting implication given by:
U—-V=U{lxeP: @  Un]lxCV}

Equivalently: U -V ={xeP : Vy<x.yelU—yeV}
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|
Constructively Invalidating Classical Tautologies

Let H be the Heyting algebra dcl(2) where 2 is the partially ordered
set 0 <1 Letu=|0ie u={0}.

ﬁu:u%L:{O}%@:U{ixe{O,l}:{O}HLXQ(Z)}

=0=1.
——u={J{Ixe{0,1} : dnixCO}={0,1}=T.
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|
A Boolean Algebra...

Definition
A Boolean algebra is a Heyting algebra B such that ——a < a for all
acB.
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Power of Constructivism

Definition

Godel-Gentzen double negation translation (—)¢:
o (p V)¢ = (=p® A-0°).
o (Ix.p)¢ = —Vx.—C.

Theorem

Let T be a theory, such that for every ¢ € T, the formula  is
constructively derivable from T. Then ¢ is classically derivable from
T if and only if ¢ is constructively derivable from T.
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Conclusion

“Taking the principle of excluded middle from the mathematician
would be the same, say, as proscribing the telescope to the
astronomer or to the boxer the use of his fists. To prohibit existence
statements and the principle of excluded middle is tantamount to
relinquishing the science of mathematics altogether.”- David Hilbert
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